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SPRING 2015

Problem 4.1(a). Determine the SVD of A = 3 _02
. 3 01[3 0 9 0 . .
Note, A*A = [ 0 o } { 0 o } = [ 0 4 } Suppose x # 0 and (A*A — AI)x = 0. It must
be that det(A*A — A1) = det [ 961 4_01 } =0. Thus, (9—A)(4—A)=0and A; =9, 4, =4.
For the first eigenvector consider (A*A —A;1)x = 0. Observe, (A*A —A11)x = [ 8 _05 x=0.

Thus, —5xp = 0, xo = 0 and x; is free. Let x = [ (1) } .
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For the second eigenvector consider (A*A — A,1)x = 0. Observe, (A*A — 1 )x = {

Thus, 5x; = 0, x; = 0 and x, is free. Let x = [ (1) } .

It follows that V = (1) (1) .
[v9o o] [30 . . e
Observe, 2. = { o vil=lo 2| Recall U is AV with each element of column i divided
by o;. Thus, AV = (3; _02 ] and U = { (1) _01 .

In conclusion, A = UXV* as they are defined above and thus they compose the SVD of A. That

o S A0 sl

Problem 4.1(b). Determine the SVD of A = 3 (3)
. 201207 T[40 B ) B
Note, A*A = {O 3 } {O 3 } = {0 9 ] Suppose x # 0 and (A*A — AI)x = 0. It must be

4—1 0

o  9_j | =0 Thus, (9—A)(4—A)=0and A; =9, 1, =4.

that det(A*A — AI) = det [

For the first eigenvector consider (A*A — A;1)x = 0. Observe, (A*A —A;1)x = [ _05 8 } x=0.

Thus, —5x; = 0, x; = 0 and x» is free. Let x = { (1) 1
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x=0.

For the second eigenvector consider (A*A —A,1)x = 0. Observe, (A*A— 1 )x = { 8 g

Thus, 5x; = 0, x, = 0 and x; is free. Let x = [ (1) } .

0 1
It follows that V = 1ol
[v9 0] [30 [0 3 [0 1
Observe,Z—{ 0o vil|~lo 2 . Note, AV = 20 . Thus, U = 10l

In conclusion, A = UXV* as they are defined above and thus they compose the SVD of A.

Problem 4.1(c). Determine the SVD of A =

S O

0
0
0

Note, A*A =

=

*A — AI)x = 0. It must be that det(A*A — AI) =

4 0 .
0 0}. Suppose x # 0 and (

det{é‘_)L 0 }:0~Thus,(4—1)(_1):Oandllz4’bzo'

0o -2
For the first eigenvector consider (A*A — A;1)x = 0. Observe, (A*A —A;1)x = [ 8 _O 4 |X=0
Thus, —4x, = 0, xo = 0 and x7 is free. Let x = { (1) 1
For the second eigenvector consider (A*A — A1 )x = 0. Observe, (A*A— 1 )x = { g 8 x=0.

Thus, 4x; =0, x; = 0 and x; is free. Let x = [ (1) } .

It follows that V = { Lo ] .

0 1
4 00
Note that A"A = | 0 0 O |. Suppose x # 0 and (AA* — AI)x = 0. It must be that det(AA* —
0 00
4—2 0 0
Al)=det| O —A 0 | =0.Thus, (4—2)(A%)=0andA; =4, =0,43=0.
0 0 -2
0O 0 O
For the first eigenvector consider (AA* —A;1)x = 0. Observe, (AA* -4 I)x=| 0 —4 0 |x=
0O 0 -4

0. Thus, —4x, =0, —4x3 = 0so x; = x3 = 0 and x; is free. Let x =
For the second and third eigenvectors (AA* — Ax1)x = (AA* — A31)x

1
0
0
=0
0 0
and x1,x, are free. Let the respective eigenvectors for A,,Azbe | 1 |, | O
0 1
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1 00
It followsthat U = [ O 1 O
0 0 1
Vi 0 2 0
Observe,2=| 0 O |=|0 0
0 00

0
In conclusion, A = UXV* as they are defined above and thus they compose the SVD of A.

Problem 2. Determine the SVD of A = [ ; g 2 }

-2
13 12 2 .
Note, A*A=| 12 13 —2 |. Suppose x # 0 and (A*A — AI)x = 0. It must be that det(A*A —
2 -2 8

13-4 12 2
Al)=det| 12 13—A —2 | =0.Thus, (25—A)(A—9)(—A)=0and A, =25, 1, =9,

2 -2 8-A
and A3 = 0.
50
Clearly, = | 0 3
0 0
To construct V consider the eigenvectors of A*A. For the first eigenvector consider (A*A —
—-12 12 2 I -1 0
MDx=0. Observe, (A*A—A)x=| 12 —-12 -2 |x=[0 0 1 |x=0.Thus,x; =
2 =2 17 0 0 O
s
V2
x> and x3 = 0. An eigenvector of unit length is x = %
0 -
4 12 2
For the second eigenvector consider (A*A —AxI)x =0. Observe, (A*A—Al)x= | 12 4 -2
2 -2 -1
1 0 —-1/4
0 1 1/4 | =0. Thus, x; = 4x3, x, = —4x3, and x3 is free. An eigenvector perpendicular
00 O
=L
3y2
to the firstis x = ﬁ

|
w"\’
N
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13 12 2
For the third eigenvector consider (A*A —A31)x = 0. Observe, (A*A—A3l)x= | 12 13 -2 |x=
2 -2 8
1 0 2
0 1 —2 | =0. Thus, x; = —2x3, xo = 2x3, and x3 is free. A unit eigenvector perpendicular
00 O
=2
to the first two is x = %
1
3
1 =1 =2
o2
It follows that V = ﬁ 3\_@ 3
0 =22 1
3 3
S =3 1 =1
Observe AV = \5@ *? . It follows that U = \? *? ]
V2 V2 V2 V2

v
* as they are defined above and thus they compose the SVD of A.

<

In conclusion, A = UX



