FULL NAME: k@-t‘/; Exam 2
MATH 447, Numerical An@gis Dr. Adam Larios No caleulators or notes

Answers without full, proper justification will not receive fuli credit.

For & square matrix A = {ai;)7;_;, its Gerschgorin disks for i =1,..,,n are:
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1. (6 points) To solve Ax = b by an iterative method using splitting, one often finds a non-
singular matrix ¢ related to A somehow, and then uses the iterative formula

Q kb1 (Q A)X +b
Give a condition which guarantees that the iteration converges for any initial guess.
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2. (10 points) Let A = (é g %) Write A~! as a linear combination of I, A, and A% (Hint:
use a theorem we discussed in class.)
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3. (15 pomts) The SOR misthod of iteration hab an iteration matrix @ given by
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where w is a real number, I is strictly lower-triangular, and U is sirictly upper-triangular,
and D is a diagonal matrix. Show that if 0 < w < 2, then SOR converges, and it diverges oth-
erwise. Hint: Use the fact that the determinant of a matrix is the product of its eigenvalues,
and det(AB) = det(A)det(B). Note: This problem does not require anything complicated.
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4. (4 points) Prolessor Axby is trying to solve the system Ax = b by the conjugate gradient
method where A is SPD. She finds the condition number to be x(A) = 10°. Being a skilled

numerical analyst, what does she do first?
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(b} Find a preconditioner to increase the condition number. ™ v~i

(¢) Nothing, since 4 is already SPD, and a preconditioner could ruin that.
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(a) (8 points) Find all the Krylov subspaces K; associated with this system.
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(b) (12 points) Find A-orthonormal vectors qi and qo such that span {qi} = K; and
span {qy,q2} = K,. Hint: Use (classical) Gram- Schng\ldt with a different inner-product.
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6. (10 points) Let A be a symmetric m x m SDD (strictly diagonally dominant) matrix such
that every diagonal element is positive, Show that all of its eigenvalues are positive.
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7. (b points) Professyr Axby is tIyHl% to solve the system Ax = b by the conjugate gradient
PD. She finds'the condition number to be k(A) 2 10°. Being a skilled

numerical analyst, what L%/Oe/s/b ¢ do Arst?
&(a }Fmd a preconditioder to decrease the condition number.

nek to Increase the condition number.

method where A4 is

(b) Find a preconditi

(c) Nothing, singe’ A is airgady SPD, and a preconditioner could ruin that.

(d) Use GMRES instead.

8. (15 points) The Jacobi iteration for solving Ax = B is given by x**!

(7 is given in terms of the entries of A by:
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Prove that if 4 is SDD (strictly diagonally deminant), then the Jacobi method converges.
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9. (15 points) Let A € R"™™™ be an SPPD (symmetric positive-definite} matrix and let b € R™

be given. Consider the real-valued function

Jy)=3yTAy —y"b=

Let y and u be a non-zero vectors, and define p(a) =

minimizes .
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