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Math 602

4 Fourier transform

Here are some formulae that you may want to use:

FN@E L [ wean P @ = [ e,
F(fxg) =2rF(f)F(9),

Fleol) =~ =2 Fot)w) = el

F(f(z = B)w) = e F(fHw),

Flee) = =

F(H(x)e ) (w) = % o —liof H is the Heaviside function
Flov(3))(w) = ssiEn(w) = S(H(w) ~ H(~)

F(sech(ax)) = %sech(%w), sech(ax) Lef chix) == —fe—x

cos(a) — cos(b) = —2sin(3(a + b)) sin(5(a — b))

(10)
(11)

Question 41: (i) Let f be an integrable function on (—oo,400). Prove that for all a,b € R,

and for all £ € R, F([e f(az)])(€) = LF(f)(E2).

Solution: The definition of the Fourier transform together with the change of variable ax — 2’

implies

+o00o
Flet @) = 5= [ flaz)e™ e

1 [t :
= | f(ax)ez(b"rf)””da:
T
+oo
zi 1f( el ), @ g
s
L)

(i) Let ¢ be a positive real number. Compute the Fourier transform of f(z) = e~°*" sin(ba).

Solution: Using the fact that sin(bz) = —ii (e — e~%*), and setting a = /¢ we infer that

f(l‘) _ 1 ef(a:c) ( ibr 67ib:1:)
— %e—(ux)ze'bx _ %e—(ax)zei(—b)w)

and using (i) and (7) we deduce

In conclusion

_1 2 C1e 32
FE) = £ A (e et _ o=c(&=0)%,

Question 42: (a) Compute the Fourier transform of the function f(x) defined by

f(x):{l if o] <1

0 otherwise
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Solution: By definition

1
Fpe) = 5= [ e == Lo - o)
1 2sin(w)
" w
o 1 sin(w)
FHw) = ——

sin(w)

(b) Find the inverse Fourier transform of g(w) = =

Solution: Using (a) we deduce that g(w) = 7.F(f)(w), thatis to say, F~1(g)(z) = nFL(F(f))(x).
Now, using the inverse Fourier transform, we deduce that 7 ~1(g)(x) = 7 f(z) at every point z where
f(z) is of class C* and F~1(g)(x) = Z(f(xz~) + f(z™)) at discontinuity points of f. As a result:

2
T iflz) <1
FHg)(x)=<F atlz]=1
0 otherwise

Question 43: Use the Fourier transform technique to solve the following PDE:
Opu(z, t) + coyu(x,t) + yu(x,t) = 0,

for all z € (—o0,400), t > 0, with u(z,0) = up(x) for all x € (—o0, +00).

Solution: By taking the Fourier transform of the PDE, one obtains
O F(u) —iweF(y) +vF(y) = 0.

The solution is ‘
F(u)(w,t) = c(w)e™ =",

The initial condition implies that c(w) = F(ug)(w):
F(u)(w,t) = Flug)(w)e“te™ ",
The shift lemma in turn implies that
F(u)(w,t) = Flug(z — ct))(w)e™ " = F(up(x — ct)e” ") (w).
Applying the inverse Fourier transform gives:

u(z,t) = up(z — ct)e 1.

Question 44: Solve by the Fourier transform technique the following equation: 9.¢(z) —
20.¢9(x) + ¢(x) = H(x)e ™™, © € (—o0,+00), where H(z) is the Heaviside function. (Hint:
use the factorization w3 + w? + iw + 1 = (1 + w?)(1 + iw) and recall that F(f(z))(-w) =

F(f(=z))(W)).

Solution: Applying the Fourier transform with respect to x gives

1 1
(—w? + 2w + 1) F(¢)(w) = F(H(z)e ") (W) = — ——.
271 —iw
where we used (8). Then, using the hint gives
1 1 1 1
F(o)(w) = 27 (1 —iw)(—w? + 2iw+ 1) 27 iw? + w? +iw + 1

1 1 1
2rl4+w?l+iw



29 Math 602

We now use again (8) and (5) to obtain

1 1 1 1

TR i) — @ FH)e ) ().

F(9)(w) =

Now we use F(H(z)e *)(—w) = F(H(—xz)e”)(w) and we finally have
F(9)(w) = 7F (e ") (w) F(H(~z)e") ().

The Convolution Theorem (4) gives

F(O)(w) = moe Fle )5 (H(—2)e”)) (w).

27
We obtain ¢ by using the inverse Fourier transform

6(a) = e (H(=2)e),

o) = [ Loy

—0Q0

and recalling that H is the Heaviside function we finally have

1 /0 Le—= ifz>0
= — y_‘x_yld — 4 -
¢(x) 2 / ¢ Y {(}1 —x)e® ifx<0.

Question 45: Use the Fourier transform technique to solve the following ODE ¢ (x) — y(z) =
f(z) for x € (—o0, +00), with y(+o0) = 0, where f is a function such that |f| is integrable over
R

Solution: By taking the Fourier transform of the ODE, one obtains

—w?F(y) — Fly) = F(f).

That is

Fly) = _‘F(f)ﬁlwg'

and the convolution Theorem, see (4), together with (5) gives
1
Fly) = =nF(HF(e) = =5 F(f e,

Applying F~1 on both sides we obtain

y(z) = —%f xe~lel = —% /OO e 172l f(2)dz

— 00

That is L oo
so) =5 [ ez

—0o0

Question 46: Use the Fourier transform method to compute the solution of w; — a?ug, = 0,
where z € R and t € (0, +00), with u(0,z) = f(z) := sin®(z) and u,(0,z) = 0 for all z € R.

Solution: Take the Fourier transform in the x direction:
Flu)y +w?a®F(u) = 0.
This is an ODE. The solution is

F(u)(t,w) = c1(w) cos(wat) + ca(w) sin(wat).
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The initial boundary conditions give
F(u)(0,8) = F(f)(w) = c1(w)
and cz(w) = 0. Hence
Flt,0) = F()(w) cos(wat) = 3 F(f)(w)(e" + e~1%%)
Using the shift lemma, we infer that
Flt,0) = 5 (F(f( — at))(w) + F((z + at))(w).
Usin the inverse Fourier transform, we finaly conclude that
u(t,z) = %(f(x —at) + f(x +at)) = %(sinz(a: + at) + sin(z — at)).

N . D' ;

Question 47: Use the Fourier transform method to compute the solution of u; — a?ug, = 0,
where z € R and ¢ € (0, +00), with u(0,z) = f(z) := cos?(x) and u.(0,z) = 0 for all z € R.

Solution: Take the Fourier transform in the z direction:
F(u)s +w?a®F(u) = 0.
This is an ODE. The solution is
F(u)(t,w) = c1(w) cos(wat) + co(w) sin(wat).
The initial boundary conditions give
F(u)(0,8) = F(f)(w) = c1(w)
and ¢a(w) = 0. Hence
F(t,w) = F(f)(w) cos(wat) = %f(f)(w)(em“’t +etnr,
Using the shift lemma (i.e., formula (6)) we obtain
u(t,z) = %(f(x —at) + f(z +at)) = %(cosz(x + at) + cos®(x — at)).

N o D'A {

too _ f(y) _ 1 1
—o0 (:L’fyz)Jerldy — 244 + 210 for all

Question 48: Solve the integral equation: f(z) + %
x € (—00, +00).

Solution: The equation can be re-written

1 1 1 1

f(x)+%f*x2+1:x2+4+x2+l'

We take the Fourier transform of the equation and we apply the Convolution Theorem (see (4))

1 1 1

FU) + 5o 20 F () () = Flo) + oy

).

Using (5), we obtain
F()+ e WUR(f) = ge 4 e,

which gives

F(HA+ %e*‘w\) = %(M(%G,M 4 1),
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We then deduce 1

F(f) = ie—lwl_

Taking the inverse Fourier transform, we finally obtain f(x) = z%ﬂ

Question 49: Solve the following integral equation (Hint: solution is short):

+oo +o0 2 2
/ fy)f(z —y)dy — 2\/5/_ e 2 f(x —y)dy = —2me” 4= Vz € R.

— 00

Solution: This equation can be re-written using the convolution operator:

f*f- 2V2e 5= x f = —2me” 1w,
We take the Fourier transform and use the convolution theorem (4) together with (7) to obtain

1 7(.«)2 1 1 7(.«)2 1

2nF(f)* — 2m2V2F (f) ¢~ on s =

1 1
4o \ 4T
_ .2

This implies

Question 50: Solve the following integral equation (Hint: 2% — 3za + 2a® = (z — a)(x — 2a)):

o0 5
/ fW)f(x—y)dy — S\f/ e 2wfx—y)dy:—47re*i7. vz € R.

—0o0

Solution: This equation can be re-written using the convolution operator:

772 1:2
fxf—3V2e 5% « f = —Ame ir.

We take the Fourier transform and use (7) to obtain

o2 F(f)? — 2m3V2F(f)

This implies
either F(f)=e“ 2, or F(f)=2e"*%.

Taking the inverse Fourier transform, we obtain

either f(x) = \/ﬁefé, or f(z)= 2\/§e*§.

Question 51: Solve the integral equation: f(z)+ 2 f+°° “lz=vl f(y)dy = e~1®I, for all x €
(=00, +00).
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Solution: The equation can be re-written
flz) + ge_‘f”l w f = e 7,
We take the Fourier transform of the equation and apply the Convolution Theorem (see (4))
F() + SonF(e ) F(f) = Fle ),

Using (5), we obtain
1 1

1
FU +ome Tire?

L F(f) =

which gives
w?+4 1 1

}—(f)quwQ T rl4w?

We then deduce L1 )
= —— = = —Q‘I‘
FP) = s = 57,
e~2ll,

Taking the inverse Fourier transform, we finally obtain f(z) = %

Question 52: Solve the following integral equation fj:; e*("”’yfg(y)dy =e 37 foral z €
(—00,+00), i.e., find the function g that solves the above equation.

Solution: The left-hand side of the equation is a convolution; hence,

By taking the Fourier transform, we obtain

1 12 1 12
2w e 1Y Fglw) = e v,
Var 9(@) V2T
That gives
1 12
Fl(g)(w) = e 1Y,
(1)) = 7
By taking the inverse Fourier transform, we deduce
( ) 4 a2 2 a2
)= —e¢€ =4/ —e
g Von g

Question 53: Solve the integral equation: fjoooo Ff) f(z—y)dy = %H? for all z € (—o0, +00).
How many solutions did you find?

Solution: The equation can be re-written

4

I*f=ay

We take the Fourier transform of the equation and apply the Convolution Theorem (see (4))

4

2nF(f)? :f(m

)
Using (5), we obtain
2nF(f)? = e 2l

which gives

F(f) = £ e,
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Taking the inverse Fourier transform, we finally obtain

1 2

f@) =+

We found two solutions: a positive one and a negative one.

Question 54: Use the Fourier transform method to solve the equation dyu + %&tu =0,
u(z,0) = up(z), in the domain x € (—o0,+00) and t > 0.

Solution: We take the Fourier transform of the equation with respect to x

2t

2t
_ aw
1+ ¢2 F(Oau)
2t
w2
14 ¢2

= 0, F(u) —i Flu).

This is a first-order linear ODE:

Fw) Y1y

_ .4 2
—lwdt(log(l—i-t )

The solution is ' ,
Fu)(w, t) = K(w)ew s+t

Using the initial condition, we obtain
F(ug)(w) = F(u)(w,0) = K(w).
The shift lemma (see formula (6)) implies
Flu)(w,t) = Fluo))e™ 5+ = Flug(z —log(1+ %)),
Applying the inverse Fourier transform finally gives

u(z,t) = uo(z — log(1 + t%)).

Question 55: Solve the integral equation:

+o00 ) +oco \/§ (e—p)?
/ (f(y) —V2e 7 — 2) f(a?—y)dy = - WB 27 dy, Vx € (—OO,+OO).

(Hint: there is an easy factorization after applying the Fourier transform.)

Solution: The equation can be re-written

o2 1 1

fr(f=v2e 5 — )= 1o

51:2
122 * v/ 2e” 27,
x

We take the Fourier transform of the equation and apply the Convolution Theorem (see (4))

1

2n 7 (1) (F() - VEF( ) = Fli

)> - —27r]-'(1+17xz)\/§}'(e*%)

Using (5), (7) we obtain
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which gives
F(f) (f(f) —e 2 — e‘”|> = ——e W=,
2 2
This equation can also be re-written as follows
FUP = F(He™™ = F(hge ™+ gelem™ =0,
and can be factorized as follows:
_mw? 1
(F(f) e =2 )(F(f) = 5e “ =0

This means that either F(f) = "5 or F(f) = ie7I*l. Taking the inverse Fourier transform, we

finally obtain two solutions

Another solution consists of observing that the equation can also be re-written

1 1 2y
m)}—(f)‘F}-(i)\/i]:(e )=0

F(f)? = VaF(em#)F(f) - 7 o




