1. (4 points) Let f be an integrable function on (—oo, cc). Show that for all a,b € R, and for
all £ € R, it holds that F[e® f(az))(€) = LF[f] (§+—")
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2. (4 points) Consider the Heav1s1de function H (:c) defined on page 1. Compute H * H.
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3. (4 points) Let (5(:c) be the Dirac-delta function centered at zo = 0. Find F[d].
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4. (6 points) Let d(z) be the Dirac-delta function centered at zo = 0, and let ¢ be a smooth,
integrable function which is zero outside of some interval. Compute
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(Assume the usual manipulations you know also hold for the the delta function.)
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3. (4 points) Solve the following integral equation [ e_(x‘y)2g(y) dy = e=2 for all z €
(=00, +00), i.e., find the function g that solves the above equation.
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4. (5 points) Consider the following boundary value problem: R g N7 ,

@ = flz) w(0) = 2, u(L)="1. u'(0) =1, u'(L) =8.
(a) Write down the Green’s function for this problem as a formula, but do not compute the
. rd 4 Sr) —
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(b) Write down the precise equations you would use to compute the coefficients. (Hint: there
should be as many equations as poefﬁcients). Do not compute the coefficients.
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5. Suppose {&y,},-, is an orthogonal set of smooth functions on [0, L] such that any smooth,
“nice enough” function g can be written as

z) = Zan¢n(m)
n=1

for some constant coefficients a,,. Suppose further that ¢, are eigenfunctions of a linear
operator L corresponding to the eigenvalues \,, and that all \,, < 0 for all n.

(a) (4 points) How many solutions are there to Lu = f? Give a short explanation.
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im Q“(b) (6 points) Denote L?g = L(Lg) and consider the problem L*u = f. Solve for the
W= et coefﬁments of w in terms of f, A n, and o,.
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(c) (6 points) Consider the “heat like” equation u; = Lu. (If L = kV?, this would be
the usual heat equation.) Suppose the initial data is given by ug(z) = > "7 bpon(x).
\$S:u<the equation has a unique solution, and solve for the coefficients of u in terms

An; bn, and ¢,.
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6. (10 points) Assume a > b > 0. Find a function g(z) which satisfies the integral equation
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8. Consider the equation
v +u=1.
Determine the number of solutions to this equation if the boundary conditions are:

(a) (10 points)
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9. (20 points) Let 2 be a three-dimensional domain, and consider the PDE
Viu = f(z), z€Q, with u(z)=~h(z) on theboundaryof €, denoted O.

Let G(z,z0) be the Green’s function of this problem (the exact expression of G does not
matter, just assume that G is known). Give a representation of u(zo) in terms of G, f, and
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